Suppose that X is a nonsingular curve over a finite field F. According to ideas of Quillen and others, there is an algebraic K-theory spectrum KX associated to the category of locally free sheaves on X . The word "spectrum" here designates an object in the stable homotopy category of spaces. If X = Spec O is affine, then KX is equivalent to the usual K-theory spectrum associated to the category of finitely generated projective modules over O.
should induce an isomorphism on π i (-) for i ≥ 0 if X is complete and for i ≥ 1 if X is affine. In this way, computingL(KX) gives a conjectural determination of the 0-connective cover of the spectrumKX itself, and leads to a conjectural formula for the mod cohomology Hopf algebra H * (Ω ∞ 0K X; Z/ ). Again, if X = Spec O is affine the algebra H * (Ω ∞ 0K X; Z/ ) is the same as H * (BGL(O); Z/ ), so we end up with a conjectural calculation of the cohomology of the general linear group of O. We show that this conjectural cohomology is at least contained in H * (BGL(O); Z/ ) as a retract. As far as the spectra themselves are concerned, we prove that the mapKX →L(KX) has a right inverse up to homotopy after passing to 0-connective covers if X is complete or to 1-connective covers if X is affine; this could be interpreted as evidence for the Lichtenbaum-Quillen conjecture.
Relationship to previous work. In [9] we obtained results about the K-theory spectrum of a ring of algebraic integers or the K-theory spectrum of a local field which are analogous to the ones we obtain here for the K-theory spectrum of a curve.
There is some additional discussion of and motivation for our approach in [9, §1] . The situation here is simpler than that in [9] , for two reasons. On the topological side, KX is a module spectrum over the K-theory spectrum KF of F; analogous module structures are not yet known to exist in the number field case, although they are conjectured in [9, 8.6 ]. On the algebraic side, the "Iwasawa module" which comes up below (3.20) is finitely generated over the ring Z of -adic integers; this was not the case in [9] . These simplifications allow us in the present paper to give much more complete retraction results than in [9] ; for example, [9, 8.5] and [9, 9.3] give partial retractions on the space level rather than the more or less complete retractions on the spectrum level provided by 6.1 and 6.2. The arguments below depend heavily on the fundamental work of Thomason [24] .
Organization of the paper. Section 2 provides some background about curves and their algebraic K-theory, and contains the proof of an algebraic splitting theorem (2.8) . Section 3 describes some calculations inétale cohomology theory which we make use of, and §4 recalls some results from stable homotopy theory. Section 5 has statements and proofs of the main theorems (5.1, 5.2), while §6 has proofs of the associated retraction theorems (6.1, 6.2). Finally, §7 discusses a few corollaries of the main results, and §8 presents some technical facts about spectra which are referred to earlier in the paper.
Notation and terminology. For the rest of the paper, X denotes a nonsingular complete curve over the finite field F, and X = X \ S a nonsingular affine curve over F which is obtained from X by deleting a finite set S of closed points (see §2). By convention our curves are irreducible as schemes [13, II.3] and satisfy an additional closure condition with respect to F (2.1). We will work in the category of spectra from [10] , although except in §8 the stable homotopy category from [1] would pretty much suffice. Sometimes we say that a diagram of spectra commutes strictly to emphasize that it is genuinely commutative and not just commutative up to homotopy. §2. Curves and their K-theory
In this section we describe our basic algebraic notation involving curves and Galois groups, and give some background information about the low-dimensional algebraic K-theory of a curve over a finite field. We then sketch a construction (2.8) which shows that, at least after localization, the K-theory of a complete curve contains the K-theory of the projective line as a direct summand.
2.1 Curves. Suppose to begin with that F is a finite field. Recall that a complete nonsingular curve X over F is determined by its function field k(X), which is a field of transcendence degree 1 over F (see [13, Exer. 4.12(a) ] and [26, III] ). Let F be the algebraic closure of F. We will make the blanket assumption that F is algebraically closed in k(X), or equivalently thatF ⊗ F k(X) is again a field. This rules out the possibility that X might be the restriction to F of a scheme over a larger finite field.
An affine nonsingular curve X over F has a naturally associated complete curve X, namely the one determined by k(X ), and X is obtained from X by deleting a finite set S of closed points. The set S is determined by X , and is called the set of points of X at infinity.
We suppose for the rest of the paper that that X is a complete nonsingular curve of genus g over F and that X = X \ S is an affine curve derived from X. For each closed point x ∈ X let v x : k(X) − → R be the (additive) valuation corresponding to x and let k(x) denote the residue class field of x. The scheme X is then isomorphic to Spec O, where O is the ring of the elements f ∈ k(X) which have no poles outside of S, that is, have v x (f ) ≥ 0 for all closed points x such that x / ∈ S.
Galois actions.
For each extension field E of F, set X E = Spec E × Spec F X X E = Spec E × Spec F X , so that, with O as above, X E = Spec(E ⊗ F O). Let F 0 = F(µ ), where µ n ⊂F is the group of n 'th roots of unity. The infinite field F ∞ = ∪ n F(µ n ) can be written as a union ∪ n F n , where F n is a cyclic Galois extension of degree n over F 0 . (More explicitly, F n is F(µ n+a ), where a is the smallest integer such that µ a is contained in F 0 .) For brevity, X F n will be denoted by X n , X F ∞ by X ∞ , and XF byX, with similar notation for the corresponding schemes associated to X . It is convenient to set X −1 = X, X −1 = X .
We will follow [16, I.5.4] in saying that a schemeỸ over Y is Galois if it is finite, etale, and admits a sufficient number of automorphisms over Y to qualify as an algebraic analogue of a principal covering space. The diagram X ← − X 0 ← − X 1 ← − · · · ← − X n ← − · · · is a tower of schemes Galois over X with inverse limit X ∞ . The Galois group Aut(X 0 /X) = Gal(F 0 /F) [26, p. 246 ] is a subgroup of Aut(µ ) ∼ = Z/( − 1) and is denoted ∆ F . In particular, the order of ∆ F is relatively prime to . The group Aut(X n /X 0 ) = Gal(F n /F 0 ) is isomorphic to the cyclic group Z/ n . The profinite group Γ F = lim n Aut(X n /X 0 ) = Aut(X ∞ /X 0 ) = Gal(F ∞ /F 0 )
is then isomorphic to the additive group Z of -adic integers and is topologically cyclic, in the sense that it has a dense cyclic subgroup. The slightly larger group Γ F = Aut(X ∞ /X) = Gal(F ∞ /F) splits canonically as a product ∆ F × Γ F and is also topologically cyclic. Both of these profinite groups have canonical topological generators: the Frobenius automorphisms of F ∞ over F 0 or of F ∞ over F. It is important to note that the action of Γ F on µ ∞ ⊂ F ∞ gives a canonical embedding
This embedding is what will tie the algebraic objects from this section to topological K-theory (see 4.9). The Galois group Aut(X/X) = Gal(F/F) is denotedΓ F . It too is topologically cyclic, generated by a Frobenius automorphism; there are natural surjectionsΓ F − → Γ F − → ∆ F .
Topological group rings.
We will denote the topological group ring
by Λ F : by definition, this is the inverse limit over n of the ordinary group rings
elementary representation theory the first factor Z [∆ F ] is isomorphic to a finite direct product of copies of the ring Z (cf. [9, 9.4] ). This implies that the algebra Λ F is isomorphic to a finite direct product of copies of the power series algebra
Most of the modules over Γ F which arise in this paper are actually modules over Λ F .
Tate twists.
Let Z (m) be the abelian group Z with the Γ F -action for which g ∈ Γ F acts by multiplication by c F (g) m (2.3); the action of Γ F on Z (m) extends to a structure for Z (m) as a module over Λ F . If N is a Z -module with an action of Γ F , the m-fold Tate twist N (m) of N is the tensor product Z (m)⊗ Z N with the diagonal Γ F -action. As a special case, Z/ k (m) denotes the m-fold Tate twist of the trivial Γ F -modules Z/ k . The groupΓ F acts on Z (m) by the natural epimorphism Γ F − → Γ F , and so if N is a suitable module overΓ F there is also a notion of Tate twist N (m) = Z (m) ⊗ Z N .
2.6 K-theory in low dimensions. It is possible to give fairly explicit descriptions of K i X and K i X for i ≤ 2. (For i > 2 these groups are finite [12, 0.6] and bounded below in size by the results of §6, but not much more is known about them.)
The affine case and the complete case are distinct but closely related. For any nonsingular curve Z over F let Pic Z denote the the group under tensor product of isomorphism classes of invertible sheaves on Z, or equivalently the group of divisors on Z modulo linear equivalence. If Z = Spec O is affine, then Pic Z is the ideal class group of O.
Quillen's localization theorem [21] gives an exact sequence
in which the zero on the left is explained by the fact that K 2 k(x) = 0 for each finite field k(x) [20] . We will treat these groups from right to left. There is a natural [19, 12.3] that the cokernel of ∂ 2 is isomorphic to F × by the map ν : ⊕ x∈S k(x) × − → F × whose restriction to any given summand is the norm homomorphism k(x) × − → F × . (The fact that the composite ν∂ 2 is trivial is the Weil reciprocity law for X [3, VI.8.2].) By the above, then, there is a short exact sequence
This sequence is canonically split by the homomorphism F × = K 1 F − → K 1 X induced by the structure map X − → Spec F, and so in fact K 1 X is the direct sum of two copies of F × . Tate computes K 2 k(X) in terms of Galois cohomology [23, 6.6] ; Matsumoto gives it by generators and relations [17, §11] . The finite groups K 2 X and K 2 X may in principle be identified as subgroups of K 2 k(X) by using localization sequences like the one above (cf. [23, 5.3] ).
2.8 Splitting off K * P 1 . Let P 1 denote the projective line over F, H = O P 1 (−1) the canonical line bundle over P 1 , and χ ∈ K 0 P 1 the class represented by [H] − [1]. Quillen shows that K * P 1 is generated as an algebra over K * F by χ, subject to the single relation χ 2 = 0 [21, §8, 3.1, 4.1]. In particular, K * P 1 is isomorphic as a module over K * F to the direct sum (K * F) · [1] + (K * F) · χ. The calculations above in 2.6 suggest the possibility K * X might in general contain a copy of K * P 1 (i.e. two copies of K * F ) as a summand. We will show that this is true, at least after localization at . Note that X may well have no points defined over F, so that it takes some argument even to prove that K * F is a summand of K * X.
Choose a closed point x in X such that the degree of the one point divisor {x} corresponding to x is relatively prime to . Since deg{x} = [k(x) : F], there exists such an x by the remarks in 2.6. Let g be the genus of X, and choose a number N relatively prime to such that (N − 1) deg{x} > 2g − 2. If D is an effective divisor on X, i.e., a nonnegative linear combination of points of X, let λ(D) denote the dimension of the vector space over F consisting of the rational functions f on X (that is, elements f ∈ k(X)) such that the divisor of poles of f is dominated by D. (This means that f has no poles except at points x represented in D, and the multiplicity with which f has a pole at any such x is less than or equal to the coefficient with which x is weighted in D). The Riemann-Roch theorem implies Corollary 2] . By choice of N , λ(N {x}) > λ((N − 1){x}); this guarantees that there exists a rational function f on X such that the divisor of poles of f is exactly N {x}. The rational function f corresponds to a (proper) morphism u : X − → P 1 . The inverse image under u of the divisor {∞} on P 1 is N {x}, so that u has degree N = N deg{x}, in the usual sense that N is the degree of the induced function field extension v : k(P 1 ) − → k(X). Consider the commutative diagram
in which u * , v * are transfer maps [21 
2.9 Remark. The argument above can be copied for spectra instead of groups, and with localization replaced by completion. The conclusion is that up to homotopy the spectrumKP 1 is a retract ofKX. In fact, by starting with an appropriate map X − → P 1 and using the above technique with the induced maps X n − → P 1 n , we can obtain a family of retractionsKX n − →KP 1 n which are compatible in n. Let Uˆdenote the -completion of a spectrum U (4.3). Passing to the limit (4.2) gives a retractionK
which is compatible with the Galois actions of Γ F on these spectra.
A related argument can be used to show thatKF is a summand ofKX . §3.Étale cohomology
In this section we recall some facts about theétale cohomology, define the Iwasawa module associated to a curve, and interpret this module in terms ofétale cohomology.Étale cohomology plays a role in this paper because of Thomason's theorem (5.3), which for an appropriate scheme Y gives a relationship between thé etale cohomology of Y and the homotopy groups of a certain homotopical localizationLKY of the spectrum KY .
For most of this section we look at theétale cohomology of curves from a general point of view, with the goal of obtaining Proposition 3.19. This proposition figures in the proof of Lemma 5.6 and also, in a disguised form, in the proof of 6.6. We end the section with some specialized remarks about the Iwasawa module (3.20) and Brauer group (3.23) of a curve over a finite field. The Iwasawa module is the algebraic object in terms of which we express our main calculations (5.1, 5.2). The Brauer group comes up in studying the relationship between π 0 KY and π 0L KY for various curves Y .
The curves X and X = X \S are as in 2.1; in particular, g is the genus of X and of X . We begin by working overF and then move on in 3.13 to ground fields which are not algebraically closed. Three kinds of coefficient sheaves forétale cohomology appear: the multiplicative group G m , the finite locally constant sheaves Z/ k (m), and the -torsion sheaves Z/ ∞ (m).
3.1
The multiplicative group. First we treat cohomology groups H í et (-; G m ) with coefficients in the sheaf G m of multiplicative units. These groups have an algebraic flavor and can often be computed directly. For nonsingular curves overF the calculations are as follows.
3.2 Theorem. Let X and X be as in 2.1, letX = SpecŌ and lets be the cardinality of the (finite) setS of points ofX above S. Then there are natural isomorphisms Proof. See the discussion in [7, pp. 33-35] for the complete case. Deligne points out that the group Pic 0X is -divisible for general reasons; it is torsion in our particular case because it is the colimit of the finite (cf. 2.6) groups Pic 0 X E , as E ranges over subfields ofF containing F.
To make the affine calculation, let g :X − →X be the inclusion. As in [16, p.106 ] there is a short exact sequence
of sheaves onX. Now follow the argument of [7, p. 35] . This gives isomorphisms H For a scheme such asX which is extended from the scheme X over F, the Galois action ofΓ F onX combines with the group action ofΓ F on Z/ k (m) to give a diagonal action ofΓ F on H * et (X; Z/ k (m)). In this case, for every pair of integers m and m there are naturalΓ F -module isomorphisms
For an abelian group N , let kN denote the kernel of multiplication by k in N . 
where the group A lies in a short exact sequence
Proof. For schemes over F, or more generally for schemes over Z[1/ ], there is an exact "Kummer sequence"
of sheaves in theétale topology [16, p. 66] . In the case m = 1, the theorem follows from 3.2 and the long exact cohomology sequence associated to 3.9; in general, then, from 3.7.
Remark. After Galois actions have been ignored and the formulas in 3.2 have been taken into account, Theorem 3.8 states that theétale cohomology ofX with coefficients in Z/ k is the same as the singular cohomology with coefficients in Z/ k of an orientable surface of genus g. Similarly, theétale cohomology ofX with coefficients in Z/ k is the same as the singular cohomology of a surface of genus g withs punctures, wheres is the number of points ofX above S.
More general torsion coefficients. Finally, the group H
, where the colimit is taken with respect to the homomorphisms induced by the natural monomorphisms Z/ k (m) − → Z/ k+1 (m). For m = 1 these groups can be calculated by using the Kummer sequence and a colimit argument: there are short exact sequences
If N is an abelian group, let ∞N denote Tor(Z/ ∞ , N); this is naturally isomorphic to the union ∪ k ( kN ).
3.12 Theorem. Let X and X be as in 2.1 and letX = SpecŌ. Use
where the group B lies in a short exact sequence
Proof. For m = 1 this follows from 3.11 and 3.2, and then for other m from 3.6.
3.13 Descent to X ∞ and X. So far the calculations in this section have dealt only with theétale cohomology of curves overF. To obtain information about curves over smaller fields, we will use the calculations as input to the following descent spectral sequence. From the point of view ofétale homotopy theory this is the Hochschild-Serre spectral sequence associated to the principal coveringỸ − → Y .
3.14 Theorem. [2, VIII, 8.5 ] Suppose that Y is a scheme over F which is quasicompact and quasi-separated,Ỹ = lim α Y α is an inverse limit of schemes Galois over Y , and G is the profinite group
, and let H Gal (G; -) denote Galois cohomology of G. Then there is a first quadrant spectral sequence of cohomological type
We will use this spectral sequence in two situations, one in which the automorphism group G = Aut(Ỹ /Y ) is a limit of finite groups of order relatively prime to , and another in which G = Z .
Proposition.
Suppose that Y ,Ỹ and G are as in 3.14, and that G is an inverse limit of groups of order prime to . Let N denote one of coefficients
G is an isomorphism.
Proof of 3.16. WriteỸ = lim α Y α as in 3.14, and let G α = Aut(Y α /Y ). Then G α is a quotient of G and so is a finite group of order prime to .
is one of the bonding maps in the inverse system givingỸ , it is clear from a naturality argument that there is a commutative diagram
Passing to a colimit gives a retraction of
. Since these retractions are natural with respect to maps of the coefficient sheaves Z/ k (m), passing to a further colimit gives the required retraction for coefficients Z/ ∞ (m). This proves (1).
To prove (2) note that the descent spectral sequence
has E i,j 2 = 0 for i > 0, because for a finite group, such as G α , Galois cohomology is the same as ordinary group cohomology and vanishes in positive dimensions if the coefficients are torsion of order prime to the group order. The spectral sequence thus gives H
G and passing to a further colimit gives corresponding isomorphisms for coefficients Z/ ∞ (m).
3.17 Remark. If N is an abelian group with an endomorphism g, write N [g] and N [g] for, respectively, the kernel and cokernel of the endomorphism (1 − g) of N .
3.18 Proposition. Suppose that Y ,Ỹ and G are as in 3.14, and that G is isomorphic to Z . Let g ∈ G be a topological generator, and let N denote one of the
Then there are short exact sequences
Remark. This proposition applies if the pair (Ỹ
In these cases the Frobenius automorphism φ ∈ Gal(F ∞ /F) = G gives a canonical topological generator of G.
Proof of 3.18. For N = Z/ k (m) this is proved by making a direct calculation with the cohomology of cyclic -groups [9, 3.9 ] to show that the descent spectral sequence 3.14 collapses. The result follows for Z/ ∞ (m) by passing to a colimit.
We will use the following consequence of the above calculations and spectral sequences in the proof of the main theorem.
3.19 Theorem. Let φ be the automorphism of X ∞ over X induced by the Frobenius automorphism of F ∞ over F. Then for m> >0 the sequence
is exact for all i.
Proof. Let d be the degree of F 0 over F, so that φ d is the Frobenius automorphism of X ∞ over X 0 . Let N = Z/ ∞ (m), and consider the commutative diagram
in which the map τ is the norm or transfer map for the Galois covering X 0 − → X and τ = 1 + φ + · · · + φ d−1 . Suppose that the top row is exact. The diagram then shows that (1 − φ) in the bottom row is surjective, and by descent for the Galois cover X 0 − → X (3.16), it is clear that the rest of the bottom row is exact. In order to prove the theorem, then, we can replace X by X 0 , or equivalently, assume that the automorphism group of X ∞ over X is isomorphic to Z .
According to the descent spectral sequence 3.18, the theorem is equivalent to the statement that the endomorphism ( 
) is surjective for m> >0 and all i. According to 3.16, 3.12, and 3.2, the group A i (m) is a divisible -torsion group isomorphic (as a group) to (Z/ ∞ ) k for some integer k.
is a finitely generated free Z -module and A i (m) is naturally isomorphic to Z/ ∞ ⊗ B i (m); to prove the theorem it is enough to show that the endomorphism
m) has a torsion cokernel for m> >0. This is equivalent to showing that (1 − φ) gives an automorphism of Q ⊗ B(m) for m> >0, but this follows directly from the fact that endomorphism φ of the finite dimensional Q vector space Q ⊗ B(0) has only a finite number of distinct eigenvalues.
3.20 The Iwasawa module. The Iwasawa module M X is defined to be the automorphism group over X of a maximal pro-Galois pro-abelian cover of X ∞ . By naturality, this is a module over Γ F (the profinite group of automorphisms of X ∞ over X) and in fact a module over the continuous group ring Λ F . The module M X can be identified more concretely as follows. Let k(X ∞ ) be the function field of X ∞ , k * (X ∞ ) an algebraic closure for it, and k (X ∞ ) the union of all subfields of k * (X ∞ ) which are unramified abelian Galois -extensions of
There is an analogous Iwasawa module M X associated to X . This can be constructed by letting k (X ∞ ) denote the union of all subfields of k * (X ∞ ) which are abelian Galois -extensions of k(X ∞ ) and have ramification only above the points S of X. Then M X is the automorphism group of k (X ∞ ) over k(X ∞ ).
From another point of view, M X is the maximal abelian pro-quotient group of πé t 1 X ∞ , and M X is the maximal abelian pro-quotient group of πé t 1 X ∞ . The next proposition follows from the general fact that the one-dimensionalétale cohomology of a scheme Y with coefficients in the constant sheaf corresponding to an abelian group N is isomorphic to the group of continuous homomorphisms from theétale fundamental group of Y to N . Let A # denote the Pontriagin dual of the profinite abelian group A. 
Proposition. Theétale cohomology group H
) is isomorphic to a finite direct sum of copies Z/ ∞ . This implies that its Pontriagin dual, the Iwasawa module M X , is finitely generated and free as a module over Z . Observe that, by 3.22, for any m the group H 3.24 Theorem. Let X and X be as in 2.1 and let s be the cardinality of the set S of points of X at infinity. Then Br(X) ∼ = 0 and Br(X ) ∼ = (Q/Z) s−1 .
Proof. In this section we recall some facts about stable homotopy theory, topological K-theory, and the theory of homological localization for spectra.
4.1 Spectra, ring spectra, and module spectra. Suppose that E is a spectrum in the sense of algebraic topology; see [10] for a discussion of the category of spectra and [1] for a description of its homotopy category. Associated to E is a homology theory E * and a cohomology theory E * ; these are defined by the formulas
and [-, -] stands for homotopy classes of maps in the category of spectra. The spectrum E is said to be a ring spectrum if there is a multiplication map m : E ∧ E − → E and a unit map e : S 0 − → E such that the diagrams
commute up to homotopy. Module spectra over E are defined similarly. If E is a ring spectrum then π * E is a graded ring and, for any spectrum U , E * U and E * U are graded modules over π * E. If U is a module spectrum over E then π * U is a graded module over π * E. A morphism f : E 1 − → E 2 of ring spectra is a map of spectra which up to homotopy respects the unit maps and the ring spectrum multiplications; such a morphism makes E 2 into a module spectrum over E 1 . These definitions play a role in algebraic K-theory because the assignment Y → KY gives a functor from schemes to the category of ring spectra (actually more is true: see §8). For example, KF is a ring spectrum and KX is a module spectrum over it; KF ∞ is a ring spectrum and KX ∞ is a module spectrum over it.
4.2 Localization with respect to homology. Parts of our main theorems deal with a certain homotopical localization functor, so we will briefly describe the general situation. Suppose that E is a spectrum. A map f : U → V of spectra is said to be an E * -equivalence if the induced map E * f :
The class of E * -local spectra is closed under arbitrary homotopy limits. Bousfield proves in [4] that for any E there exists a localization functor L E , which assigns to a spectrum U an E * -local spectrum L E (U ) together with an E * -equivalence U − → L E (X). A spectrum U is E * -local if and only if the map U − → L E (X) is an equivalence. The localization functor L E preserves (co-)fibration sequences and is well behaved with respect to homotopy colimits, in the sense that
. This last implies that if R is a ring spectrum then L E (R) is a ring spectrum; similarly, if U is a module spectrum over R then L E (U ) is a module spectrum over L E (R). (N, k) ; Z) is isomorphic to N if i = k and is zero otherwise. Moore spectra are unique up to homotopy. If E = M(R, 0) for some subring R of Q, then 
Example
The corresponding localization functor L M =( -) is the -completion functor; there are exact sequences
Note that if N is a finitely generated abelian group, Ext(Z/ ∞ , N) is canonically isomorphic to the algebraic -completion Z ⊗N of N . A spectrum which is E * -local for E = M is said to be -complete.
By 4.4, if the homotopy groups of U are uniquely -divisible (for instance, if U is the localization away from of some other spectrum) then M ∧ U is contractible and hence the -completion of U is contractible too.
4.6 The spectrum N . In §5 we will make use of the following observations. Let N denote the Moore spectrum M(Z/ ∞ , −1) (4.3). There is a natural map N − → S 0 which includes N as the fibre of the map from S 0 to the localization of S 0 away from . Smashing this inclusion with a spectrum U gives a map N ∧ U − → U which expresses N ∧ U as the fibre of the map from U to the localization of U away from . In particular, the map N ∧ U − → U becomes an equivalence after -completion. There are short exact sequences
4.7 Topological K-theory. Let K denote the ordinary periodic complex Ktheory spectrum andK its -adic completion; see [18] for background information onK. The spectrumK is a ring spectrum and π * K is the ring Z [β, β −1 ], where β ∈ π 2K and multiplication by β defines an equivalence S 2 ∧K − →K. The associated cohomology theoryK * is called -adic complex K-cohomology, and has the property that for any spectrum X there are isomorphismŝ
where the limit is taken over finite subspectra X α of X. In particular, this limit formula implies that the ringK 0K = [K,K] of degree zero cohomology operations inK is naturally a profinite Z -algebra. The closed subgroup Γ ⊂ (K 0K ) × of ring spectrum self equivalences acts on π 2K ∼ = Z , and the resulting homomorphism × the quotient group Γ /Γ. Then Γ is abstractly isomorphic as a profinite group to the additive group of -adic integers (recall that is odd) and there is a uniquely split extension
Let Λ denote the topological group ring Z [[Γ ]] (2.4). Then there are isomorphismŝ
We let Z (1) denote the Λ -module π 2K and Z (m) the m-fold tensor power of Z (1), which for any m ∈ Z is isomorphic to π 2mK . If N is a Λ -module, we denote by N (m) the "m-fold Tate twist" Z (m) ⊗ Z N ; this has a Λ -module structure induced by the diagonal action of Γ on the tensor product.
4.8 Remark. For any spectrum X there are natural periodicity isomorphisms [9,
4.9 Galois vs. Adams. With F as in §2, we will use the canonical monomorphism c −1 · c F (see 2.2) to identify the Galois group Γ F with a subgroup of the group Γ of Adams operations, Γ F with a subgroup of Γ, Λ F with a subring of Λ , and Λ F with a subring of Λ. It is clear that under these identifications the notion of Tate twist from §2.5 agrees with the one here.
4.10 The functorL. If E is the spectrum K ∧ M K ∧ M , where M as above is the Z/ -Moore spectrum, then the localization functor L E is denotedL and called localization with respect to mod complex K-homology. If f is a map of spectra, then (K∧M ) * (f ) is an isomorphism if and only ifK * (f ) is an isomorphism [9, 4.7] , so we also refer toL as localization with respect toK * or localization with respect to -adic complex K-cohomology. We also say that a spectrum U isK
. It follows directly from the fact that M is a smash factor ofK ∧ M that anyK * -local spectrum is also -complete (4.3), and that the map from a spectrum to its -completion becomes an equivalence when L is applied.
4.11 Remark. The localization functorL is different in quality from the arithmetical functors of 4.3. For example, for a spectrum U and integer k, let P k U denote the k-connective cover of U , so that π i P k U = 0 for i ≤ k and there is a map
* U ∼ =K * P k U and therefore an equivalenceL(P k U ) − →LU [9, 4.9] . In this senseLU depends up to homotopy only on the "germ" of U at infinity.
Excellent spectra.
A module N over a ring S (e.g. Λ ) is said to be excellent if it is finitely generated and has projective dimension at most 1. A spectrum U is said to be excellent if U isK * -local and eitherK 1 U = 0 andK 0 U is an excellent Λ -module or vice versa. The ring Λ is noetherian and has global dimension 2; it turns out that a finitely generated module N over Λ is excellent if and only if N has no finite Λ -submodules [9, §7] . For instance, if N is a module over Λ which is finitely generated and torsion free as a module over Z , then N is excellent as a module over Λ .
The next two propositions show that an excellent Λ -module corresponds to an essentially unique excellent spectrum, and that maps into an excellent spectrum are determined up to homotopy by cohomological data.
Proposition. [9, 4.17]
If N is an excellent module over Λ and n ∈ Z, then there is up to homotopy a unique excellent spectrum X = M K (N, n) such that K n (X) is isomorphic to N as a module over Λ andK n+1 X = 0.
Remark. The Λ -modulesK i M K (N, n) for values of i other than n and n + 1 are given by periodicity (4.8). The spectrum M K (N, n) is a kind of "Moore spectrum" (4.3) with respect to the cohomology theoryK * .
4.14 Proposition. [9, 4.15] Suppose that U is an excellent spectrum with, say, K 1 U = 0. Then for any spectrum V withK 1 V = 0 there are natural isomorphisms
4.15 Examples of excellent spectra. The spectrumLKF is excellent and is of type
The spectrumKF is almost excellent, in the sense that the mapKF − →LKF L KF induces isomorphisms [9, 4.14]
The spectrumL(KF ∞ ) is equivalent toK itself [9, 4.16] and is of type M K (Λ , 0). Again,KF ∞ is almost excellent in the sense that the mapKF ∞ − →L(KF ∞ ) induces isomorphisms π iK F ∞ − → π iL (KF ∞ ) for i ≥ 0. Under the equivalencê LKF ∞ K the self-map ofLKF ∞ induced by a Galois automorphism g ∈ Γ F of F ∞ corresponds to the self-map g = c −1 c F (g) ∈ Γ ofK. Here is another class of examples.
Proposition.
Suppose that U is a module spectrum overK, and that each homotopy group π i U is a finitely generated torsion-free module over π 0K = Z . Then bothK 0 U andK 1 U are excellent Λ -modules, and there is an equivalence
inducing the identity map onK 0 and onK 1 . Moreover, this equivalence is unique up to homotopy, in the sense that any self-equivalence of U inducing the identity map onK 0 and onK 1 is homotopic to the identity.
Proof. Since π * U is a module over π * K = Z [β, β −1 ], the homotopy groups of U are periodic of period 2. Choose finite Z -module bases {x i } and {y j } for π 0 U and π 1 U respectively. Multiplying by the basis elements gives a map
which is clearly an isomorphism on π 0 and π 1 , and therefore an equivalence by periodicity. The spectra ∨ iK and ∨ jK are excellent spectra of type M K (F 0 , 0) and M k (F 1 , 1) respectively for certain free Λ -modules F 0 and F 1 . Calculating with the equivalence 4.17 shows that F 0 isK 0 U and F 1 isK 1 U . The final statement results from computing [U, U ] with the help of 4.17 and 4.14.
4.18 Remark. In the above proof, let F i = Λ ⊗ Z N i . A calculation with 4.14 shows that π i U = Hom Λ (F i , Z (0)) = Hom Z (N i , Z ), or, in other words, that N i ∼ = Hom Z (π i U, Z ). This gives an expression forK * U in terms of π * U . §5. The main theorem
In this section we give our main calculations of the topological K-theory of algebraic K-theory spectra, and obtain formulas for theK * -localizations of these spectra. We continue to use the notation of 2.1; in particular X is a nonsingular complete curve over F and X = X \ S a nonsingular affine curve. The cohomology theoryK * is -adic complex K-theory (4.7), Λ is the ring of stable degree 0 operations inK * , andL is localization with respect toK * (4.10).
5.1 Theorem. Let M X be the Iwasawa module for X (3.20), considered as a module over Λ F ⊂ Λ (4.9). Then there are natural isomorphisms of Λ -moduleŝ
These isomorphisms reflect a wedge product decomposition of spectra (4.15)
5.2 Theorem. Let M X be the Iwasawa module for X (3.20), considered as a module over Λ F ⊂ Λ (4.9). Then there are natural isomorphisms of Λ -moduleŝ
Remark. The aboveK * -Moore spectra are well defined, or in other words the indicated Λ -modules are excellent, by 4.12 and 3.22.
Remark. The above wedge product decomposition ofLKX andLKX , together with the special form taken by theK-cohomology of the wedge factors, gives these spectra the structure of module spectra overLKF [9, 4.22] . These module spectrum structures agree with the standard ones from 4.1 and 4.2; this can be proved by a naturality argument along the lines of [9, 6.13] .
The proofs of the above results are based upon the following theorem of Thomason, which gives us a handhold on the spectraL(KY ) for Y = X, X ∞ , X , X ∞ . Recall from 4.6 that N denotes the Moore spectrum M(Z/ ∞ , −1). 
Remark. The coefficients Z/ ∞ (j/2) are to be interpreted as zero if j is odd. As described in [9, §6] , this spectral sequence is obtained by first taking a colimit over k of the spectral sequences from [24] converging to π * M k ∧L(KY ) and then introducing a shift, represented above by the subscript in "π i+j−1 ", to account for the equivalence N Σ −1 hocolim k M k .
We will first concentrate on using this to prove 5.1.
Lemma.
Let M X be the Iwasawa module of X (3.20) and M * X the dual Γ Fmodule Hom Z (M X , Z ). There are Γ F -module isomorphisms
The group M * X (m) is finitely generated and free as a module over Z . Proof. Let U = N ∧LKX ∞ . By 4.6, the -completion of U isLKX ∞ . According to 5.3, 3.12, 3.16 and 3.22 there are isomorphisms
where M # X (m) is the twisted Pontriagin dual of M X . Moreover, M X is finitely generated and free as a module over Z . For each m there is also a short exact sequence
in which the two outer groups are both isomorphic to Z/ ∞ (m). Clearly, then, all of the homotopy groups of U are -divisible. It follows that the "Ext" terms vanish in the exact sequences 4.5 for computing π * L KX ∞ in terms of π * U . Since
) is isomorphic to Z (m), 4.5 gives both the desired formula for π 2m−1L KX ∞ and a family of short exact sequences
To complete the proof, it is necessary to check that these short exact sequence can be split as sequences of modules over Γ F . By 2.9, the spectrumL(KP 1 ∞ ) is a retract ofLKX ∞ in a way which is compatible with the action of Γ F . Let H ∞ be the canonical line bundle over P Since H ∞ is Galois invariant, this equivalence is equivariant up to homotopy with respect to Γ F . Thus there are isomorphisms of Γ F -modules (4.15)
In particular, Z (m) ⊕ Z (m) is a Γ F -retract of π 2mL KX ∞ . It follows immediately from 5.5 that the retraction must be an isomorphism.
5.6 Lemma. Let φ be the automorphism ofLKX ∞ induced by the Frobenius automorphism of F ∞ over F, and F the homotopy fibre of the self-map (1 − φ) of LKX ∞ . Let λ :LKX − → F be any lift of the natural mapLKX − →LKX ∞ to F . Then λ is an equivalence. 5.7 Remark. By functoriality of the construction of K-theory spectra and functoriality ofL (8.2), the automorphism φ ofLKX ∞ (strictly) stabilizes the natural mapLKX − →LKX ∞ . This gives rise to a preferred lift λ. The lemma states that any lift λ, including the preferred one, is an equivalence.
Proof. It is enough to show that the map N ∧ λ is an equivalence, since λ can be recovered from N ∧ λ by applyingL (4.10, 4.6). For this it is enough (by 4.11) to show that π i (N ∧ λ) is an isomorphism for i> >0. To do this we will show first that the map N ∧ F − → N ∧LKX ∞ induces isomorphisms
and secondly that the map N ∧LKX − → N ∧LKX ∞ induces isomorphisms
The isomorphisms 5.8 result from combining the calculations of π * N ∧LKX ∞ from 5.4 (see 4.6) with Theorem 3.19 and the long exact homotopy sequence of the fibration sequence defining F . The isomorphisms 5.9 result from comparing the Thomason spectral sequence for π * (N ∧LKX) with the corresponding spectral sequence for π * (N ∧LKX ∞ ), in the light of 3.19. For i large and even, the desired isomorphism is immediate. For i = 2m − 3 large and odd, the spectral sequences give a map of short exact sequences
in which by 3.19 each outer vertical arrow maps the upper group isomorphically onto the fixed points of the action of Γ F on the lower group. It follows easily that the middle vertical arrow has the same isomorphism property.
Proof of 5.1. Since KX ∞ is a module spectrum over KF ∞ (4.1), its localization LKX ∞ is a module spectrum overLKF ∞ K (4.2, 4.15). For g ∈ Γ F let g = c −1 c F (g) ∈ Γ . Consider the diagrams (5.10)
in which the horizontal arrows are module spectrum structure maps. By naturality (4.1) the left hand diagram commutes up to homotopy, and so the right hand diagram, which is essentially obtained from the other one by applyingL, also commutes up to homotopy.
According to 4.16, 4.18 and 5.4, there is an equivalence
in which the formula for B depends on the fact that the Z -dual of M * X (m) is M X (−m). The group Γ F acts on B diagonally-on Λ by the embedding Γ F − → Γ ⊂ (Λ ) × and on M X (−1) by the Galois action-and there is a unique operation of Γ F up to homotopy on M K (B, 1) such that the induced action onK 1 M K (B, 1) = B is this diagonal one (4.14). There is a similar operation of Γ F up to homotopy on M K (A, 0). These two constructions combine to give an operation of Γ F up to homotopy on M K (A, 0) ∨M K (B, 1). It follows from the commutativity of the right hand diagram in 5.10 and the uniqueness provision in 4.16 that the equivalence e is equivariant up to homotopy with respect to the above operation of Γ F on the target and the Galois operation on the source.
Let φ ∈ Γ F be the automorphism of X ∞ orLKX ∞ induced by the Frobenius automorphism of F ∞ over F, and φ A and φ B the self homotopy equivalences of M K (A, 0) and M K (B, 0) corresponding as above to the automorphisms of A and B induced by φ. Let f :LKX − →LKX ∞ be the natural map. Clearly φf = f . As above, then, (φ A ∨ φ B )ef is homotopic to ef . Let F A be the homotopy fibre of (φ A − 1), F B the homotopy fibre of (φ B − 1) and F the homotopy fibre of φ − 1. Then the map ef lifts (perhaps not uniquely) to a map
and by 5.6 any such lift λ is an equivalence. The desired now result follows from direct calculation ofK * F A andK * F B . To make the second calculation, for instance, observe that the long exactK * -cohomology sequence of the fibration se-
gives an isomorphismK 0 F B ∼ = 0 and a short exact sequence
Here "φ ⊗ φ" denotes the above diagonal action of φ on Λ ⊗ Z M X (−1). Since φ is a topological generator of Γ F and the modules involved are profinite and hence compact, it follows immediately thatK
The proof of 5.2 is almost identical to the proof of 5.1. The one simplification is that π 2mL KX ∞ ∼ = Z (m) (one summand); there is no need to use a splitting argument in proving the analogue of 5.4. §6. Retractions
The notation in this section is the same as that in §5. Here we show that the localization mapsKX − →LKX andKX − →LKX come close to having right inverses up to homotopy, i.e. to being retractions in the homotopy category. There is one major obstruction to the unqualified existence of such inverses: the negative dimensional homotopy groups of the localized spectraLKX andLKX never vanish, but the negative dimensional homotopy groups ofKX andKX always do. We come close to the point of showing that this is the only obstruction. In the case of the complete curve X we show that a right inverse exists after passing to 0-connective covers (4.11), i.e., discarding all homotopy groups in dimensions 0 and below. With a little more work it would be possible to retain π 0 , but we do not do that. In the case of the affine curve X we show that a right inverse exists after discarding homotopy groups in dimension 1 and below. In this case we know of more complicated arguments that allow retaining π 1 (at least in special cases) but it is impossible in general to retain π 0 , since if X has more than one point at infinity the map π 0K X − → π 0L KX is not surjective.
Remark. There is a version of the Lichtenbaum-Quillen conjecture which states that the mapKX − →LKX should induce an isomorphism on π i for i ≥ 0, and that the mapKX − →LKX should induce an isomorphism on π i for i ≥ 1. The results in this section can be interpreted as saying that in a fairly strong sense the spectraKX andKX are large enough for the conjecture to hold.
6.1 Theorem. Let P 0 (LKX) be the 0-connective cover of the spectrumLKX. Then the natural map u : P 0 (KX) − → P 0 (LKX) has a right inverse up to homotopy, i.e., there is a map v : P 0 (LKX) − →KX such that uv is homotopic to the identity map of P 0 (LKX).
6.2 Theorem. Let P 1 (LKX ) be the 1-connective cover of the spectrumLKX. Then the natural map u : P 1 (KX ) − → P 1 (LKX ) has a right inverse up to homotopy, i.e., there is a map v : P 1 (LKX ) − → P 1 (KX ) such that uv is homotopic to the identity map of P 1 (LKX ).
6.3 Remark. In the remainder of this section we will stretch the usual terminology and say that a diagram of spectra "is" strictly commutative if for some evident natural reason there exists a preferred commutative diagram of spectra which is equivalent to it up to homotopy. Such commutative diagrams of spectra come from the machinery described in §8.
We will first concentrate on proving 6.1. Let ← KX denote holim nK X n , where the structure maps of the inverse system are the transfer maps τ n,n−1 :
There is a strictly commutative diagram of spectra
in which u comes from applying the homotopy limit construction to the maps KX n − →LKX n , which fit into strictly (6.3) commutative diagrams (8.2)
The maps τ ∞ and τ L ∞ are derived from the fact that KX andLKX are the terminal objects in the inverse systems defining
Remark. The spectrum ← K L X isK * -local for general homotopy limit reasons (4.2), but it is not necessarily equivalent toL( ← KX). It is to avoid a possible confusion here that we have taken the step of using L as a superscript in the notation for this spectrum.
6.4 Remark. After perhaps some slight adjustment (8.1) the maps τ ∞ and τ L ∞ can be taken to be strictly equivariant with respect to the inverse limit Galois action of Γ F on the domain spectra and the trivial action of Γ F on the range spectra.
6.5 Lemma. There exists a contractible Γ F -spectrum P and a Γ F -equivariant homotopy fibre square
in which the lower arrow is the map induced by X ∞ − → X.
Proof. Let φ denote the automorphism ofLKX ∞ induced by the Frobenius automorphism of F ∞ over F. Let d n be the degree of F n over F. If f is self-map of some spectrum, write ν(f, k)
Consider the (strict) map of cofibration sequences (5.7)
derived from the transfer (cf. [9, pf. of 6.17]). Clearly the left hand square here is a homotopy fibre square. Taking a homotopy limit over transfer maps of the upper edge of this square leads to another homotopy fibre square
where the bonding maps in the inverse system defining holim nL KX ∞ are the selfmaps t n ofLKX ∞ given by t n = ν(φ d n−1 , d n /d n−1 ). We claim that the spectrum P = holim nL KX ∞ is contractible. The spectrum P is a homotopy limit ofcomplete spectra (4.10) and so it itself is -complete (4.2). In particular, P is contractible if and only if M ∧P is contractible. Since M has only a finite number of cells (i.e., 2), smashing with M commutes up to homotopy with homotopy limits, and so to finish the proof it is enough to show that holim n M ∧LKX ∞ is contractible. This follows from a direct calculation with homotopy groups. Each homotopy group π i (M ∧LKX ∞ ) ∼ = Z/ ⊗π iL KX ∞ is a finite module over Z/ (5.4, 3.22, 4.4), which is evidently fixed by φ d n for large enough n. Since d n /d n−1 = for n > 0 (2.2), it follows that for any i the map t n induces multiplication by on π i (M ∧LKX ∞ ) for n > 0. This implies that the inverse system {π i (M ∧LKX ∞ )} is pro-trivial for each i, and contractibility of M ∧ U follows from the Milnor sequence [6, IX 3.1].
6.6 Lemma. Let φ be the automorphism of ← K L X induced by the Frobenius automorphism of F ∞ over F, and let C be the homotopy cofibre of the self-map
Then is an equivalence.
Proof. If N is an abelian group on which φ acts, let N φ denote the cokernel of the endomorphism (1 − φ) of N .
The homotopy limit nature of ← K L X guarantees that this spectrum is local with respectK * (4.2). Therefore C is local with respect toK * and it follows from 4.11 that is an equivalence if π i ( ) is an isomorphism for i> >0. To obtain these last isomorphisms we will show that the map
and that the map τ
There is a natural cofibration sequence (5.7)
which, in light of 6.5, can be backed up two stages to give a sequence
This shows that the isomorphisms 6.7 will follow from the isomorphisms 6.8. To obtain these latter, let
is a finitely generated torsion-free module over Z and (by 5.4) there is a Tate twist isomorphism A i ∼ = A i−1 (1) . By elementary linear algebra, the map (1 − φ) induces an automorphism of Q ⊗ A i for i> >0 (cf. proof of 3.19). Therefore (1 − φ) gives an injective self-map of A i for i> >0, and the desired isomorphisms can be obtained by examining the long exact homotopy sequence associated to either of the above cofibration sequences.
The following result is well known.
6.9 Lemma. For n ≥ −1 the localization map λ :KX n − →LKX n induces isomorphisms on π 0 and on π 1 . Sketch of proof. (See 6.12 for another approach.) It is enough to consider the case of X itself. Since π 0 KX and π 1 KX are finitely generated (2.6), the group π 1K X is isomorphic to Z ⊗ π 1 KX (4.5). Let u : X − → P 1 be the map of 2.9. There is a commutative diagram
in which the vertical arrows are retractions (2.8, 2.9). The domains and ranges of these retractions are finitely generated Z -modules which are abstractly isomorphic by calculation (see 2.6 for the left hand arrow, and use 5.4 for the right hand one). It follows that the vertical arrows are isomorphisms. This reduces the isomorphism question for π 1 to the special case X = P 1 ; here the desired result follows from Proof of 6.1. Since the homotopy groups ofKX n andLKX n are finitely generated modules over Z and hence profinite groups, it follows from the Milnor sequence [6,
In particular, by 6.9 the map u : 
commute up to homotopy. In addition, the map
is equivariant with respect to the action of φ.
The homotopy groups 
The left hand square commutes up to homotopy by construction and the commutativity of the left-hand square in 6.10; the right hand square commutes up to homotopy by the remarks above. Each horizontal map is an isomorphism on π i for i = 0 and i = 1 and so, by the periodicity of π * ← K L X, the composite horizontal map is an isomorphism on π i for i ≥ 0. In particular (4.11) this composite horizontal map induces an equivalenceLU ← K L X. Let C be the cofibre of the self-map (1 − f ) of U , so thatLC is equivalent to the spectrum C of 6.6 and the map C − →LC induces an isomorphism on homotopy in dimensions ≥ 1. By 6.4, the composite map τ ∞ s can be extended to a map : C − →KX. There is a homotopy commutative diagram
in which the lower map is obtained by applyingL to the upper one. The mapL( ) is an extension of the type treated in 6.6, and so is a homotopy equivalence. The map P 0 (C ) − → P 0 (LC ) is also an equivalence. Applying the functor P 0 to the above diagram thus gives the right inverse required by the theorem.
The proof of 6.2 is virtually identical to proof above. Lemma 6.9 is replaced by the following (well-known) result; the difference between 6.9 and 6.11 is what causes the loss of one dimension in going from 6.1 to 6.2.
6.11 Lemma. For n ≥ −1 the localization map λ :KX n − →LKX n induces isomorphisms on π 1 and on π 2 .
Remark. As in the proof of 6.9, the discrepancy between π 0K X n and π 0L KX n is the group Hom(Z/ ∞ , Br(X n )). If X n has more than one point at infinity, this group is not zero (3.24).
Proof of 6.11. It is enough to treat the case of X itself. Let X = Spec O. The spectrum P
0L
KX is equivalent in a natural way to the 0-connective cover of thé etale K-theory spectrum of O [24, 4.11] . The proof of the lemma, then, is the same as the proof of [8, 8.2] . In combination with various naturality arguments, this proof uses Bass's theorem [3, VI.8.5] on the vanishing of SK 1 (O) to treat π 1 (λ), and Tate's calculation [23] to treat π 2 (λ). Although Tate deals explicitly only with K 2 of the quotient field of O, Soulé shows in [22, Lemma 10] how to extract the necessary information about K 2 (O).
6.12 Low dimensional isomorphisms. For the convenience of the reader who finds the above discussions too cryptic, we now describe a slightly different way to derive 6.9 and 6.11. This is based on arguments of [14] . We will treat only the cases of X and X . Let k = k(X); by class field theory, k has Galois cohomological dimension two (equivalentlyétale cohomological dimension two). Let M k denote the Moore spectrum M(Z/ k , 0) (see 4.3). Jardine shows in [14, Prop. 7.4 ] that the map (6.13)
is an isomorphism if k = 1, i = 1 or 2, k contains a primitive 'th root of unity, and > 3. A careful inspection of the proof shows that in our situation it carries through almost verbatim for all k ≥ 1, for > 2 and without the assumption about the existence of a root of unity in k. The only change is that the norm residue homomorphism in the proof of [14, 7.3] should be expressed in its Galois-invariant form:
Since k is a global field, this symbol is an isomorphism by the results of Tate [23] . Taking a limit of the isomorphisms 6.13 over k thus gives isomorphisms
for i = 1 or 2. Now let U denote the wedge of the spectra K(k(x)) as x runs through the closed points of X , V = KX , and W = K(k). Quillen's localization theorem [21] gives a cofibration sequence U − → V − → W of spectra; recall (4.2) that such cofibration sequences are preserved by the -completion functor or by the functorL. Since the groups K i (k(x)) are finite for i = 1 and vanish for i = 2 [20] , the group π 2Û vanishes (4.5). It is a consequence of 4.15 that the mapÛ − →LU induces an isomorphism on π i for i ≥ 0. Here the remarks in the proof of [9, 5.10] are useful in determining howL behaves when it is applied to an infinite wedge of spectra. For typographical reasons, letŨ denoteL(U ),Û i = π iÛ , etc. One sees that there is a map of exact homotopy sequences
in which as described above the indicated arrows are isomorphisms. The five lemma thus implies 6.11.
To obtain 6.9, work as before, but replace U by the wedge of the spectra K(k(x)) as x runs through the closed points of X, and V by KX (W remains unchanged). Again there is a cofibration sequence U − → V − → W and a long exact ladder as above in which the indicated arrows are isomorphisms. Again, the five lemma shows that the localization map of 6.9 induces isomorphisms on homotopy in dimensions 1 and 2 (this improves on the statement of 6.9 by one dimension). It remains to show that the mapÛ 0 − →Ũ 0 is an isomorphism. Recall that k has cohomological dimension 2. It follows from direct calculation with Thomason's spectral sequence (5.3; see also 4.6 and 4.5) that there are short exact sequences (6.14) 0
The difference between these is accounted for by 3.11 and the fact that Pic(k) vanishes (Hilbert's Theorem 90) whereas Br(X) vanishes (3.24). The second sequence implies that the groupsV 0 andṼ 0 are abstractly isomorphic (2.6). It is not hard to see using the arguments of [14, 7.3] that the map Z = π 0K (k) − → π 0LK (k) splits the epimorphism in 6.14. Now let A be the cokernel ofŴ 1 − →Û 0 (equivalently, the cokernel ofW 1 − →Ũ 0 ) and B the image ofṼ 0 − →W 0 . The above ladder gives a map of short exact sequences
in which all of the groups are finitely generated modules over Z and the left vertical arrow is a monomorphism with torsion-free cokernel (because B/Ŵ 0 is isomorphic to a submodule of the kernel in 6.14). Elementary algebra shows that the middle vertical arrow is an isomorphism. §7. Odds and ends
In this section we write down some consequences of our other results. The proofs for the most part are identical to the corresponding proofs in [9] . 
Recall from 2.2 that ∆ F is the automorphism group of X 0 over X. This group can be considered either as a subgroup of Γ F (2.2) or of Γ (4.9). Let i be either 0 or 1, and suppose that N a finitely generated module over Z [∆ F ] which is free over Z if i = 1. Let H ∆ F (N, i) denote the Hopf algebra determined by the formula
K is the -adic topological K-theory spectrum (4.7), and (3) M(N, i) ∧ ∆ FK denotes the homotopy fixed point set of the action of ∆ F on the -completion of M(N, i) ∧K obtained by letting g ∈ ∆ F act by g ∧ g −1 .
The proof of this is the same as the proof of [9, 10.11] . One can be a little bit more explicit about the above formula in the affine case. Let S 0 be the set of points of X 0 above S. A calculation with Thomason's spectral sequence (cf. 6.12, 3.24) shows that there is an exact sequence of
in which Σ is the sum map. Let B 0 be the kernel of Σ. It is not hard to see that L 0 splits over Z [∆ F ] as a product B 0 × (Z ⊗ Pic X 0 ). By 7.2, this gives an isomorphism
7.4 K-theory calculations. Bousfield has defined a certain explicit functor T from the category of profinite gradedK * -modules to the category of Z/2-graded λ-algebras; one construction for T is sketched in [9, 11.4].
7.5 Theorem. Let U be one of the spectra KX or KX . Then there is a natural isomorphism of Z/2-graded λ-algebraŝ
whereK * U is as described in §5.
Proof. This follows from [9, 11.5] , which in turn is just a restatement of some of Bousfield's results in [5] . There are some hypotheses to verify. By 5.1, 5.2 and 3.22, K * U is -torsion free. It follows from 2.6 that π 2 KX and π 2 KX are torsion. That Ω ∞ 0 KX splits as a product Bπ 1 KX × Ω ∞ 0 (P 1 KXp) follows from the theorem of Bass (2.6); the splitting is provided by the unit map BO × − → BGL(O), where X = Spec O. The corresponding product splitting for Ω ∞ 0 KX is proved as follows, at least after completion at , which doesn't affectK * . By 2.9 and 2.6 there is a wedge decompositionK X K F ∨KF ∨ V with π 1 V = 0. This gives a product formula
As before, inclusion of units gives a splitting Ω In this section we will describe some properties of spectra that are needed in §6. We make no attempt to obtain the sharpest possible formulations. The facts we require depend upon notions from [10] of strict ring spectrum and strict module spectrum over a strict ring spectrum. A strict ring spectrum (also called an Salgebra or, what is essentially the same thing, an A ∞ ring spectrum) is a spectrum R together with a multiplication map R ∧ R − → R which is defined pointwise-not just up to homotopy-and is in an appropriate sense strictly unital and associative. A strict module spectrum over R has a similar pointwise structure. We need these notions because homotopy limits and colimits behave well in general only with respect to strictly commutative diagrams.
Examples. [10, II.3] [15]
If Y is a scheme over Z then the spectrum KY is naturally a strict ring spectrum in a way which extends its ring spectrum structure. Left multiplication makes KY into a strict module spectrum over itself. A map f :Ỹ − → Y of schemes induces a morphism f * : KY − → KỸ of strict ring spectra. If the transfer map f * : KỸ − → KY is defined (see [21, §7, 2.10]) then f * is naturally a morphism of strict module spectra over KY , where KỸ is treated as a strict module over KY via f * ; this last statement is obtained by examining the categorical underpinnings of the projection formula [21, 7.2.10] . Let G be the group of automorphisms ofỸ over Y . It is then possible to adjust the spectrum KỸ in a natural way without changing it up to homotopy in such a way that after this modification the transfer map KỸ − → KY is strictly equivariant with respect to the action of G on KỸ and the trivial action of G on KY (the adjustment process involves replacing KY by an appropriate smash product EG + ∧ KY ).
8.2 Localization of strict structures. The functorL can be constructed as a (strict) functor on the category of spectra, instead of as a functor on the homotopy category of spectra. For this see the last paragraph of §1 in [4] . Given such a construction, L of course preserves strictly commutative diagrams of spectra.
For the rest of this section we use the following notation. Suppose that that is an inverse system of spectra, and that (1) U n is a strict module spectrum over R n , and (2) b n : U n+1 − → U n is a map of strict module spectra over R n , where U n+1 is considered a strict module spectrum over R n via a n . The basic example we are interested in is obtained by setting R n = KF n and letting U n be either KX n or KX n ; the maps b n are then given by the transfer. Let R ∞ = hocolim n R n and U ∞ = holim n U n . Let V ∞ = holim nL (U n ). Note that each spectrumL(U n ) is a module spectrum over R n .
8.3 Proposition. The spectrum R ∞ is naturally a ring spectrum in such a way that the usual maps R n − → R ∞ are homomorphisms of ring spectra.
Remark. Presumably 8.3 remains true with "ring spectrum" replaced by "strict ring spectrum". In the case in which R n is the strict ring spectrum KF n , 8.3 gives the standard ring spectrum structure on hocolim KF n KF ∞ .
Proof of 8.3. The ring spectrum multiplication is provided by the diagram R ∞ ∧ R ∞ = hocolim n R n ∧ hocolim m R m ← − hocolim n,m (R n ∧ R m ) ← − hocolim n (R n ∧ R n ) µ − → hocolim n R n = R ∞ in which µ in given by multiplication in the spectra R n . It is straightforward to check that the appropriate unit and associativity diagrams commute up to homotopy.
8.4 Proposition. The spectra U ∞ and V ∞ are module spectra over R ∞ in such a way that
(1) the natural map U ∞ − → V ∞ is a map of module spectra over R ∞ , and (2) for each n the maps U ∞ − → U n and V ∞ − → V n are maps of module spectra over R n (where U ∞ and V ∞ are treated as module spectra over R n via R n − → R ∞ ).
Remark. Again, presumably 8.4 remains true if "strict module spectrum" is substituted for "module spectrum".
Proof of 8.4. The natural maps U ∞ − → U m give maps R n ∧ U ∞ − → R n ∧ U m . Since U m is a strict module spectrum over R n if m ≥ n, these pass to a limit map
The maps are coherent for various n and pass to a colimit map
We emphasize that there is no "lim 1 " ambiguity in constructing this colimit map, since there is a natural strictly commutative diagram which expresses the compatibility between µ n and µ n+1 . For completeness we will write out the diagram: which provides up to homotopy a map R n ∧ V ∞ − → V ∞ . It is easy to check, by writing down a large strictly commutative diagram, that these maps are compatible for various n and pass to a module spectrum structure map R ∞ ∧V ∞ − → V ∞ . Similar commutative diagrams give statements (1) and (2) of the proposition.
